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motivation

Proper Actions on Spaces

o It is well known if G is a Locally Compact Hausdorff (LCH)
group acting properly on a Locally Compact Hausdorff space
X that the orbit space G\ X is Locally Compact Hausdorff.

Jonathan Brown Proper Actions of Groupoids on C*-Algebras



motivation

Proper Actions on Spaces

o It is well known if G is a Locally Compact Hausdorff (LCH)
group acting properly on a Locally Compact Hausdorff space
X that the orbit space G\ X is Locally Compact Hausdorff.

Theorem (Green 1978)

If X is a free and proper G space then

Co(X) i G (= Co(X) X G) is Morita Equivalent to Co(G\X)

Jonathan Brown Proper Actions of Groupoids on C*-Algebras



motivation

Proper Actions on Spaces

o It is well known if G is a Locally Compact Hausdorff (LCH)
group acting properly on a Locally Compact Hausdorff space
X that the orbit space G\ X is Locally Compact Hausdorff.

Theorem (Green 1978)

If X is a free and proper G space then

Co(X) i G (= Co(X) X G) is Morita Equivalent to Co(G\X)

@ It is very compelling to try to generalize the notion of proper
action to dynamical systems (A, G, «) for which A in not
necessarily commutative.
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future directions

Proper Actions of Groups on C*-algebras

Definition (Rieffel 1990)

Let o be an action of a LCH group G on a C*-algebra A. We say
the action is proper if 3 a dense a-invariant x-subalgebra Ay of A
such that
Q for any a, b € Ay the functions g (a, b) (t) = A(x)~Y/2aa;(b*)
and t — aa(b*) are integrable.
Q Va,be Ay ! element
(a,b)p € M(Ag)* = {d € M(A) | dAg C Ao and a(d) = d}
such thatV ¢ € Ay we have

/ cag(a*b)dt = c(a, b)
G
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motivation

Morita Equivalence

@ This definition sets up a bimodule structure on Ag and gives
candidates for inner products
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@ This definition sets up a bimodule structure on Ag and gives
candidates for inner products

o (Rieffel 1990) Ap does indeed complete to an Imprimitivity
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motivation

Morita Equivalence

@ This definition sets up a bimodule structure on Ag and gives
candidates for inner products

o (Rieffel 1990) Ap does indeed complete to an Imprimitivity
Bimodule

o Rieffel defined A* :=Span{(a, b)p |a,b € Ag} to be the
generalized fixed point algebra for the action

Theorem (Rieffel 1990)

Let G act properly on a C*-algebra A (via o) with respect to the
dense subalgebra Ag. Then the generalized fixed point algebra for
this action A% is Morita equivalent to an ideal of the reduced
crossed product.
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objects

Groupoids

@ Groupoids are like groups except that the multiplication is
only partially defined
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objects

Groupoids

@ Groupoids are like groups except that the multiplication is
only partially defined

@ Every Groupoid G has a unit space G(©) whose elements act
trivially

o Every Groupoid G has maps r,s: G — G©) such that
r(v)y =~ and ys(v) = 7.
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future dir

Fundamental Groupoid

Example (Fundamental Groupoid)

Let X be a locally path connected space and let G be the set of
paths in X under endpoint fixing homotopy, then G is a groupoid
with multiplication given by concatenation.
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Example (Fundamental Groupoid)

Let X be a locally path connected space and let G be the set of
paths in X under endpoint fixing homotopy, then G is a groupoid
with multiplication given by concatenation.

e multiplication only makes sense if the end of the first path
coincides with the beginning of the second.
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Fundamental Groupoid

Example (Fundamental Groupoid)

Let X be a locally path connected space and let G be the set of
paths in X under endpoint fixing homotopy, then G is a groupoid
with multiplication given by concatenation.
e multiplication only makes sense if the end of the first path
coincides with the beginning of the second.
o G is the set of constant paths. Thus we can identify G(©)
with X
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Fundamental Groupoid

Example (Fundamental Groupoid)

Let X be a locally path connected space and let G be the set of
paths in X under endpoint fixing homotopy, then G is a groupoid
with multiplication given by concatenation.
e multiplication only makes sense if the end of the first path
coincides with the beginning of the second.
o G is the set of constant paths. Thus we can identify G(©)
with X

@ r(y) = (1) is the end of the path ~

@ s(7y) = v(0) is the beginning of the path ~
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objects

Topological Groupoids

@ A Topological Groupoid is a groupoid endowed with a
topology making the groupoid operations continuous.
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Topological Groupoids

@ A Topological Groupoid is a groupoid endowed with a
topology making the groupoid operations continuous.

@ This implies that r,s : G — G© are continuous.

@ All Groupoids in this talk are assumed to be Locally Compact
Hausdorff
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objects

Topological Groupoids

@ A Topological Groupoid is a groupoid endowed with a
topology making the groupoid operations continuous.

@ This implies that r,s : G — G© are continuous.

@ All Groupoids in this talk are assumed to be Locally Compact
Hausdorff

o | will assume throughout this talk that each groupoid is
endowed with a Haar system {\"} ()

Jonathan Brown Proper Actions of Groupoids on C*-Algebras



objects

Upper Semi-Continuous C*-Bundles

Definition (Upper Semi-Continuous C*-Bundle)

An upper semi-continuous (usc) C*-bundle </ over X is a
continuous map p : @/ — X such that A(x) :== p~1(x) is a
C*-algeba for every x € X and such that the norms of A(x) vary
upper semi-continously.
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Upper Semi-Continuous C*-Bundles

Definition (Upper Semi-Continuous C*-Bundle)

An upper semi-continuous (usc) C*-bundle </ over X is a
continuous map p : @/ — X such that A(x) :== p~1(x) is a
C*-algeba for every x € X and such that the norms of A(x) vary
upper semi-continously.

Theorem (Hofmann, Dupré & Gillette)

There is a one to one correspondence between USC C*-Bundles
over X and Co(X)-algebras, given by A =To(X, <), the set of
continuous sections of &/ vanishing at infinity.
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Groupoid Dynamical Systems

Definition (Groupoid Dynamical System)
Suppose G is a groupoid and <f is an Upper Semi-Continuous
C*-bundle over G(®) and A = T(G(®), o), then an action of G on
A is a family of x-isomorphisms {c,} e such that

° ay:A(s(7)) — A(r(7))

® o,y = auyyy where this makes sense

o the map (v, a) — «a,(a) is continuous on G * o/
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Definition of Proper Actions

Definition (B 2008)
Let « be an action of a LCH groupoid G on a USC C*-bundle </
over GO Let A=Ty(G), o7). We say the action is proper if 3 a
dense x-subalgebra Ay of A such that
Q for any a, b € Ag the function
e (a,b) (v) = a(r(v))ay(b(s(7))") is integrable.
Q V a,be Ay 3! element (a, b), € M(Ap)“ where

M(Ao)* = {d € M(A) | dAo C Ag and a,(d(s(7))) = d(r(7))}

such thatV ¢ € Ag we have

/G c(r(v))ay(a*b(s(7)))dA"(v) = c(a, b) p (u)



results

Morita Equivalence

@ Just as in the group case the trick here is to show that Ay
with the actions and inner products defined on the previous
slide completes to an Imprimitivity Bimodule.
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results

Morita Equivalence

@ Just as in the group case the trick here is to show that Ay
with the actions and inner products defined on the previous
slide completes to an Imprimitivity Bimodule.

o Analogously | call A% :=3span{(a,b)p | a,b € Ag} the
generalized fixed point algebra.

Theorem (B 2008)

Let G be a groupoid acting properly on a C*-algebra A (via «)
with respect to the dense Ayg. Then the generalized fixed point
algebra A% for this action is Morita Equivalent to a subalgebra of
the reduced crossed product.
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results

Examples

e (B 2008) If a groupoid G acts properly on a LCH space X
then G acts properly on Co(X) with respect to the dense
subalgebra C.(X)
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results

Examples

e (B 2008) If a groupoid G acts properly on a LCH space X
then G acts properly on Co(X) with respect to the dense

subalgebra C.(X)
o In this case A* = Go(G\X)

e (B 2008) If G is a proper groupoid acting on A
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Examples

e (B 2008) If a groupoid G acts properly on a LCH space X
then G acts properly on Co(X) with respect to the dense

subalgebra C.(X)
o In this case A* = Go(G\X)

e (B 2008) If G is a proper groupoid acting on A
o A must necessarily be a Co(G)- algebra
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results

Examples

e (B 2008) If a groupoid G acts properly on a LCH space X
then G acts properly on Co(X) with respect to the dense

subalgebra C.(X)
o In this case A* = Go(G\X)

e (B 2008) If G is a proper groupoid acting on A

o A must necessarily be a Co(G)- algebra
o G acts properly on A with respect to the dense

subalgebra C.(G() - A.
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Future Directions

o lIdeals

o Recall Rieffel’s result had A% Morita Equivalent to an ideal of
the reduced crossed product whereas my result only has A*
Morita Equivalent to a subalgebra
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Future Directions

o ldeals
o Recall Rieffel’s result had A% Morita Equivalent to an ideal of
the reduced crossed product whereas my result only has A*
Morita Equivalent to a subalgebra
o To get A% Morita Equivalent to an ideal Rieffel assumes that
Ao is a invariant, which doesn’'t make sense in the groupoid
context.
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Future Directions

o ldeals

o Recall Rieffel’s result had A% Morita Equivalent to an ideal of
the reduced crossed product whereas my result only has A*
Morita Equivalent to a subalgebra

o To get A% Morita Equivalent to an ideal Rieffel assumes that
Ao is a invariant, which doesn’'t make sense in the groupoid
context.

o | would like to find a condition on the action to guarantee
Morita Equivalence to an ideal.

@ Saturated
o Rieffel calls a proper action saturated if A% Morita Equivalent
to the reduced crossed product
e | would like to find some conditions that guarantee that an
action is saturated.
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