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Motivation & Terminology

Motivation

Though many probabilistic symmetries are conceivable [...], four of
them - stationarity, contractability, exchangeablity and
rotatability - stand out as especially interesting and important in
several ways: Their study leads to some deep structural theorems

of great beauty and significance [...].

Olav Kallenberg (2005)

Can one transfer the related concepts to noncommutative
probability theory and do they turn out to be fruitful in the study
of the structure of operator algebras?
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Motivation & Terminology

Hierarchy of distributional symmetries

invariant objects ‘ transformations

stationary shifts
contractable sub-sequences
exchangeable permutations

rotatable isometries

Topic of this talk:
@ invariant objects are generated by an infinite sequence of
random variables
@ only the first three symmetries are considered

@ contractable = spreadable
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Motivation & Terminology

Motivating Example for De Finetti theorem

"Any exchangeable process is an average of i.i.d. processes.”

Theorem (De Finetti 1931)

X1, Xa, ... infinite sequence of {0, 1}-valued random variables s.t.

P(Xl = GEilgao .,Xn = e,,) = P(Xﬂ.(l) = GEilgao .,Xﬂ(n) = e,,)

holds for all n € N, permutations = and every ey, ..., e, € {0,1}.
Then there exists a unique probability measure x on [0, 1] such that

PO = e Xo = ) = [ PP(L=p)" *du(p),

where s=e; + e + ...+ €.
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Motivation & Terminology

Terminology of noncommutative probability

o Probability space (A, ¢)
A = von Neumann algebra with separable predual
@ = faithful normal state on A

e Random variable ¢: (A, vo) — (A, ¥)
t: Ag — A injective *-homomorphism satisfying

Y(1ay) = La, YoL=o and Lof® =afuL

o Automorphisms of (A, ¢)
Aut(A, p) = *-automorphisms « of A with poa = ¢

For commutative algebra of functions we get classical random
variables and measure preserving transformations.
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Motivation & Terminology

Noncommutative independence and commuting squares

Given the probability space (A, ¢), let Ag C Aj,.A; be three von
Neumann subalgebras of A such that the y-preserving conditional
expectations E;: A —A ; exist (i = 1,2,3). Then A; and A are
said to be Ap-independent if one of the following (equivalent)
conditions is satisfied:

Q Eo(xy) = Eo(x)Eo(y) forallxe Ajand y € Ay

Q EioEy=E
A1 c A

© the diagram U U is a commuting square
.Ao c A

For commutative algebras of functions on a probability space we
obtain conditional independence with respect to a sub-o-algebra.
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Motivation & Terminology

Conditional Independence of random sequences

Let /,J C Ng. A sequence of random variables, for short: random
sequence,

¢ = (en)n>0: (Ao, o) — (A, »)
is B-independent if

\/{ui(Ao) i € VB and  \/{y(Ad)|j € J} VB

are B-independent whenever | N J = 0.

B may not be contained in \/{¢;(Ao)|i € I}
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Motivation & Terminology

Noncommutative distributions

Two random sequences ¢ = (tn)n>0 and & = (Zn)n>0 from (Ao, o)
to (A, ¢) have the same noncommutative distribution if

SO(Li(l)(al) Li(z)(a2) e Li(n)(an))
|
o (T (a1) Tiz)(a2) - - - Tigmy (an))

for all n-tuplesi: {1,2,...,n} — No, (a1,...,a,) € Aj and n € N.

di ~ o~ o~
([,0,[,1,[,2,...) gtr ([,0,[,1,[,2,...)
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Motivation & Terminology

Noncommutative distributional symmetries

Just as in the classical case we can now talk about distributional
symmetries. A random sequence ¢ = (tn)n>0 iS

. distr

o exchangeable if (Lo, L1,L2,.. ) = (Lw(o), lr(1)s tx(2)5 - - ) for

any finite permutation m € S, of Np.

. distr
o spreadable if (c0,t1,t2,...) = (tngylnyylny,--.) for any

subsequence (ng, n1, na,...) of (0,1,2,...).

. . dist
o stationary if (t0,t1,02,...) = (tk,Lkt1s tky2,---) for all
ke N.

Lemma (Hierarchy of distributional symmetries)
Exchangeability =  Spreadability = Stationarity
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De Finetti theorems

Classical dual version of extended De Finetti theorem

Let ¢ = (tn)n>0: (Ao, ¢0) — (A, ¢) be a random sequence with

Atail — ﬂ \/ Lk(AO)

n>0 k>n
and consider:

(a) ¢ is exchangeable
(c) ¢ is spreadable
(e) vis A®l-independent

Theorem (De Finetti '31, Ryll-Nardzewski '57,..., K. '08)

A~ [*®(A X, u) implies:  (a) < (c) < (e)

Idea of dual version seems to be new!
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De Finetti theorems

Noncommutative De Finetti theorems

with commutativity conditions

Let ¢ = (tn)n>0: (Ao, ¢0) — (A, ¥) be a random sequence with

Atail — m \/ Lk(-AO)

n>0 k>n
and consider:

(a) ¢ is exchangeable
(e) ¢ is A% independent

Theorem (Stgrmer '69, ..., K. '08)

Ranges of 1,'s commute:  (a) < (e)

Theorem (Accardi & Lu '93, ..., K. '08)
A®l s abelian:  (a) = (e)
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De Finetti theorems
Noncommutative extended De Finetti theorem

Let ¢ = (tn)n>0: (Ao, po) — (A, ¢) be a random sequence with

Atail — ﬂ \/ Lk(AO)

) n>0 k>n
and consider:

(a) ¢ is exchangeable
(c) ¢ is spreadable

(d) ¢ is stationary and A%-independent
(e)

e) ¢is Atl-independent

Theorem (K. '07-'08)

(a) = (c) = (d) = (e), but (a) # (c) # (d) # (e)

‘Spreadability’ implies ‘conditional independence’ is the hard part!
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Braidability

Artin braid groups B,

Algebraic Definition (Artin 1925)

B, is presented by n — 1 generators o1, ...,0,_1 satisfying

0i0j0; = 000} if | i_j |: 1 (Bl)
0i0j = 0j0; if |i—j|>1 (BQ)

01 i- 01 i-1 i

Figure: Artin generators o; (left) and o, ! (right)

-.

B; C B, C B3 C ... C By (inductive limit)
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Braidability

Braidability

Definition (Gohm & K. '08)

A random sequence ¢ = (tn)n>0: (Ao, vo) — (A, p) is braidable if
there exists a representation p: B, — Aut(A, ¢) satisfying:

tn = p(OnOn_1---01)to for all n > 1;

to = p(on)to if n>2.

Braidability extends exchangeability

o If p(c2) = id for all n, one has a representation of S...

@ ¢ is exchangeable < ¢ is braidable with p(c2) = id for all n.
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Braidability

Braidability implies spreadability

It turns out that we can insert braidability between exchangeability
and spreadability in the noncommutative de Finetti theorem and
obtain a large and interesting class of spreadable sequences in this
way.

Consider the conditions:

(a) ¢ is exchangeable

(b) ¢ is braidable

(c) ¢ is spreadable

(d) ¢ is stationary and A%-independent

Theorem (Gohm & K. '08)
(a) = () = (c) = (d), but (a) £ (b) ()

Open Problem
Construct spreadable sequence which fails to be braidable.
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Quantum exchangeability

Wang's quantum permutation group (1998)

The quantum permutation group Ag(n) is the universal unital
C*-algebra generated by elements {u;;|i,j = 1,...n} such that

Q ui=u;= u,-2j (orthogonal projections)

@ the elements of each row and each column of the matrix

uix ui2 - Uin
usy Uz - uzn
Up1 -+ Unn

form a partition of unity, i.e. are orthogonal and sum up to 1.

As(n) is a compact quantum group in the sense of Woronowicz
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Quantum exchangeability
Quantum Exchangeability

Given a probability space (A, ¢) with an infinite sequence
X1, X2,... C A, define the action of As(k) on the tuple

(x1,%2,...,%k) by

k
Xj ZUU@XJ € As(k) @ A.
i=1

Definition (K. & Speicher '08)

The distribution of (x1,x2,...) is quantum exchangeable if

k

(5w Xm) = D, B it - P05 X))
i(1),....j(n)=1

for all 1 <i(1),...i(n) < k and all k,n € N.




Quantum exchangeability

A new characterization of freeness with amalgamation

Theorem (K. & Speicher '08)

Let (A, ¢) be a probability space and consider an infinite sequence
X1, X2, ... € A. Then the following two statements are equivalent:
(a) (xn)nen is quantum exchangeable

(b) (Xn)nen is identically distributed and free over At

Corollary (K. & Speicher '08

Suppose (xn)nen is quantum exchangeable. If A% is trivial, then
(Xn)nen is free.
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