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Notation
X compact space, separable

G topological group (e.g. the group of
unitaries of a separable unital C*-algebra.)

¢ : G — T — X principal G-
bundle (or more generally, principal G-fibration)

A separable unital C*-algebra
G — Aut(A) faithful representation

A— A xqgT — X associated bundle
of A-algebras

A =T(X, AxgT) the C*-algebra of sec-

tions

UA; =T'(X,UA x¢T) the unitary group
of the C*-algebra of sections
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Theorem A. (Eilenberg-Steenrod) |1, Chap-
ter X, Theorem 10.1] Every compact space
X 18 homeomorphic to the inverse limit
of an inverse system of finite simplicial
complexes. If the space X 1s separable
then the system may be taken to be a se-
quence X = lim X;.

Thus any separable commutative C*-algebra
C'(X) is the direct limit of a sequence of
commutative C*-algebras C'(X;) where X
is a finite complex.

What about bundles? We have

AXGT — 777

|

No obvious construction.
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Theorem B. (Filenberg and Steenrod [1]
Ch. X, Theorem 11.9) Suppose that X is
the inverse limit of compact spaces {X;}
and Y 1s a simplictal complex. Let

f.: X —Y be amap. Then there exists
an inder m and a map

fm Xy — Y
such that the composite
X X, Iy
1s homotopic to f.

Let F' denote function space of all maps
and F, denote based maps.

Theorem C. (built on Spanier (|4 Thm.
13.4) Suppose that X is a compact space
written as an inverse limit of compact
spaces X; andY is a CW complex. Then:

(1) There is a natural isomorphism
lim 7, (Fo(X;,Y)) = m(Fo(X,Y)).

(2) If Y is simple then there is a natural
1somorphism

lim 7, (F(X,Y)) = m(F(X,Y)).
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Recall that A = I'(X, A xg T'). Need to
assume that principal G-bundle ( is stan-
dard; that is, there is a pullback diagram

T — Ed

L

x . Bo

with G (and hence BG) the homotopy
type of a CW complex. Pullbacks commute
with associated bundles and hence there is
a pullback diagram

AXGT — AXGEG

l l

X — Bd

and similarly

UA XgT — UA XgEG

l l

x L Ba
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Now factor f by Theorem B to obtain a
pullback diagram

T — T, — EG

A

X — X,, — BG

with G (and hence BG) the homotopy
type of a CW complex. Pullbacks homo-
topy commute with associated bundles and
hence there is a pullback diagram

AXGT — AXGTm — AXGEG

l | |

X — X, — BG

and similarly

UA XgT — UA Xng — UA XgEG

l | l

X - X, — BG.
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Restrict attention to the cofinal family { X} }
over X,,. Define

G G—T, — X

to be the pullback of the universal bundle
by the map X; — X,,, — BG and
ACk = F(Xk, A X@G Tk>
Then there are natural bundle maps ¢; —

(. for 3 > k and hence natural maps ACk —
A¢; that induce

—
Theorem D. With the notation above,

there is a natural isomorphism

lim 7, (UA¢) — m.(UA).

Note that this implies immediately the (much
weaker) fact that there is a natural isomor-
phism

lim K, (Ag,) — K.(A).

—
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