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NORMALIZERS

B C M finite vN algebras

N(B)={uelU(M): uBu* = B}

ON(B)={uecU(M): uBu* C B}
Definition 1 (Dixmier). In the context of masas, B

is singular if N(B)” = B. B is regular (or Cartan) if
N(B)" =M.

PROBLEM: What can be said about N'(B) and N (B)”

for general subalgebras B7



MASAS

Theorem 2 (Chifan). A; C M; are masas in I1; fac-
tors. Then

N(Al @AQ)N = N(Al)/’®N<A2>”.
HOPE: each u € N(A; ® Ay) is w(u; ® ug) with
u; € N(AZ>, w € U<A1®A2>

Theorem 3 (Popa). If A C M is a Cartan masa and

p,q € A are projections of equal trace, then upu™ = q

for some u € N(A).

In AR A C M ® M, there is a unitary normalizer so
that

upR u" =1®p
and u cannot have the form w(u; ® us).
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IRREDUCIBLE SUBFACTORS
N C M, N'NnM =Cl
Basic Construction

M has trace 7, inner product

(x,y) = T(y"x), r,y € M.
L*(M) is the completion.
J: L*(M) — L*(M) is Jr=a" 2 M.

[sometric because 7(xz*) = 7(z*1)

ey is the projection onto L*(N) C L*(M).
(M,ey) ={M Uey}', (M,ex) =JNJ.
Normal semifinite trace Tr on (M, ey)
Tr(xeny) = 7(zy), z,y € M.
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PROPERTIES

N C M are finite von Neumann algebras.

(i) x — eyz and x — xey are injective maps on M.
(ii) x +— eyx is a *-isomorphism on N.
(iii) eyxeny = En(x)ey for x € M.
(iv) en(M,en)en = Ney.

(v) M N{ey} = N.
(vi) For N; € M;, i =1,2,
(M@ Ma, ey, zn,) = (M1, en,) @ (My, en,),

€N1®N2 — €N ® €Ny,

and the trace on (M) ® Ms, ey, 5 n,) 1s Tr1 @ T'ro.



GENERAL STRATEGY

(1) View a problem about N C M as being in the larger
algebra (M, ey).

(2) Do some calculations in (M, ey).
(3) Push everything back to N C M.

Example 4. ey commutes with N (simple). If u €
ON(N) (or N(N)) then u*eyu commutes with N. For
xr e N,

k * k k k
U eNur =u eyuxru , U =UuU uxru enNu
N N\\J,\;/ N
i~

= zu'enu.
Thus u*eyu € N'N (M, ey) and
Tr(ueyu) = Tr(ey) = 1.
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MAIN TECHNICAL THEOREM

Theorem 5. Let N C M be an irreducible inclusion
of Iy factors. The non-zero projections f € N' N
(M, en) which satisfy Tr(f) < 1 are exactly those of
the form

u*enu, u € ON(N).
Moreover, Tr(f) > 1 for all non-zero projections f €
N'N (M, eyn), and all f with Tr(f) =1 are central.



TENSOR PRODUCTS

Theorem 6. Suppose N; C M;, » = 1,2, wrreducible.

(i) Bach u € ON(N1®Ns) has the form w(u; @ us)
for
w & Z/{(N1®N2), u; € ON(NZ)

(ii) Same result with N(-) replacing ON(-) through-

out.

Corollary 7.

ON(NBN,)" = ON(N)' B ON(N,)",
N(NBNy) = N (N, BN (Ny)".

For singular masas, this is Sinclair-SWW.

For general masas, this is Chifan.



REASON
N = N1®N2 g M1®M2 =M
u € ON(N) = u'eyu € Z(N' N {M,ey))

= Z(N1 N (M, en,))®Z(NyN (M, en,))

—  UenUu = ujen, U1 @ Usen,Us.
This implies that u(u; ® us)* commutes with ey so is a
unitary w € N. Then

u=w(u; ® uy)



GROUP-SUBGROUP INCLUSIONS

H C G countable discrete groups. L(H) N L(G) = C1
precisely when each g € G\{e} has infinitely many

H-conjugates.

No(H)={g€G: gHg™ = H}
ONg(H)={9€G: gHg' C H}.

These can be very different. We can have

Ng(H) generates L(H),
ONg(H) generates L(G).
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Theorem 8. (i) Fach u € ON(L(H)) has the form
u = wg where w is a unitary in L(H) and g €

ONo(H).

(ii) Fach v € N(L(H)) has the form u = wg where w
is a unitary in L(H) and g € Ng(H).
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Example 9. Index the generators of IF, by Z. Define

an automorphism ¢ by

¢(9i) = giv1, 1EL.
This gives an action of Z on F .

G=Fy XNZ,

Ng(H)=H,
ONg(H) generates G.

At the algebra level, we get
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N(B1®B2)" # N (B1)” ® N (Ba)"
Example 10. (M, 1) is a I I factor, p € M is a projec-
tion with 0 < 7(p) < 1/2.

x 0 N
B = cx epMp, yep Mp

0y
Then NV(B)”" = B. Consider B& B C M ® M. Then

L

p@p- Lpt@p, T1@7(pep)=T7(p @p)

so there is a self-adjoint unitary uw € M ® M so that
ulp@p)u’ =p- @p,
up®pu" =p®p,
ulpt @ pH)ut=p- @p.
These projections lie in Z(B® B) so u ¢ B® B and
u € N(B® B). Thus
N<B>//®N<B)// ; N(B@B)H

13



GROUPOID NORMALIZERS

B C M is an inclusion of finite von Neumann algebras.
A partial isometry v € M is a groupoid normalizer of B
if

(i) vBv* C B;

(ii) vv*, v*'v € B.

The set of groupoid normalizers is GN (B).
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SIMPLE EXAMPLE

M is the 2 X 2 matrices,

a 0
]DQ = . O 6 e C
0 0
A typical groupoid normalizer is
01 01 00
1V = p—
00 10 01

where the product matrices are respectively a unitary in
N (IDy) and a projection in Dy, as in a general theorem of

Dye for masas.
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Example 11. As in the Example 10,

x 0 .
B = cxepMp, yep Mp

0y

L

Partial isometries of the form
0
0 0
normalize B, so GN(B)” = M. Similarly
GN(B® B)" = M & M so
GN(B® B)" =GN (B)"®GN(B)".

NOTE: B'N M C B holds here.
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Example 12. In M3, the 3 X 3 matrices, let

([a00) ’

B=xX|0a0]| a peC;.

(\0 05 ,

B=CLoCI,
GN(B)" = M, & M,
BB =CIl,®Cl,®Cl, ® Clj,
GN(B® B)" = My & M, & M.

dim GN'(B® B)" = 33, dim GN(B)' @GN (B)" = 25

NOTE B/ﬂMg :Mg@Ml Z B.
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MAIN THEORM

Theorem 13. Let B, C M,;, 1 = 1,2, be containments

of finite von Neumann algebras satisfying

GN(B1®@ By)" = GN (B1)" @ GN (B,)".

Moreover, each groupoid mormalizer u € My ® My is

approximable in || - ||s—norm by sums

k
> bi(vi; @ vay)
j=1

where b; € By ® By and v; j € GN(B;) fori=1,2.
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TOOLS

Theorem 14 (Chifan). Let B be a masa in M and
let P € B'N(M,ep) be such that P 3 ep. Then

there exists a groupotd normalizer v of B such that

vieguy < P.

Theorem 15. Let A be an abelian von Neumann alge-
bra with a normal semifinite weight ®, and let B C M
be finite von Neumann algebras satisfying B'NM C B.
If P is a projection in A® (B' N (M, ep)) such that
P=1®epin AR (M, ep) and satisfies

dPRTr(Pq) < (P®7)(q), q€ ARB,

then P = v*(1 ® ep)v for some v € GN 45 (AR B).
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Lemma 16. Let B C M be a containment of finite
von Neumann algebras and let v € GN(B). Then

v¥epv is a projection in Z(B' N (M, ep))v*v.

This connects to tensor products via
B/ M <M, €B> = (Bi M <M1, 630)@(3& M <M2, 632>>

when B = B1 ® By, M = My ® M.
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SAMPLE CALCULATION
Bi C My, M = M, ® My, B= B, ® B>. v € GN(B).

* *
VEeERU ~ E V;epu;

where Vj =1 Q Vg, Ujj € gN<Bi>-

Multiply on the left by egv to get

k
egv ~ g epUU;ERV; = g bjepv;
= g epb;v;.

Then
vV v Z bj(ULj %9 UQJ).
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MepM := span{zepy: x,y € M} C (M, ep).
The PULL DOWN map is V: MegM — M,
V(zxepy) = xy, x,y € M.
Unbounded, but bounded as a map
U: LY((M,eg), Tr) — LYM, 7).

U is the pre—adjoint of the embedding M — (M, epg). so
is a completely positive contraction.

Usetul properties:

(i) Let x € L'((M,eg))*. If x and ¥(z) are bounded
then U(x) > z.

(ii) Let x € LY({M,eg))*. If z is unbounded, then W(x)
is unbounded in L'(M).
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GN (B)" versus N (B)", ON (B)"

(1) B is a masa in M, a Il factor. A theorem of Dye
says that each v € GN(B) has the form v = wp for

some w € N (B) and some projection p € B. Thus
GN(B)" = N(B)".

(2) Let N € M be an irreducible inclusion of I factors.
Each v € GN(B) with 7(vv*) € Q has the form

v = wp for some w € ON(N) and some projection

p € N. Thus an approximation argument gives

GN(N)" = ON(NY".
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BIMODULES

Projections in N’ N (M, ey) correspond to closed

N-bimodules in L?*(M) by f — Range f. For

L(H) C L(G):

(1) Each g € G gives a double coset HgH and the closed
span in £#(G) is an L(H)-bimodule.

(2) Each ¢ € G gives a left coset gH and the closed
span in £*(G) is a right L(H)-module. The range
projection 1s geL(H)g_l, trace 1.

3)If f € L(H) N (L(G),erm)) is a projection and
Tr(f) < oo, then Range f is a finite sum of dou-
ble cosets and also a finite sum of left cosets. Such

projections generate an abelian algebra whose projec-

tions all have integer trace.
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EXAMPLE (Izumi-Longo—Popa)

G =F;=(a,b,c)y H=TF;=a,b)

Each projection p € W*(¢) generates an L(H )-bimodule
X, C (*(@) and

Xp € Xpy = p1 < p2.
Here L(H) N (L(G), er)) decomposes as
Cermy ® (Il factor)

Tr 1s infinite on the second summand.
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