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Introduction

Introduction
What is the antipode?

In its most original form, the antipode is part of the definition of
a Hopf algebra:

Definition

Let A be an algebra with identityand A: A— A® Aa
comultiplication on A. The pair (A, A) is called a Hopf algebra if
there is a counit £ and an antipode S.

@ A counit ¢ is a homomorphism from A to the scalars so that
forallac A
(e®@u)A(a)=a  and (t®e)A(a) = a.

@ An antipode S is a anti-homomorphism from A to A such
thatforallac A

m(S ®)A(a) = e(a)l and m(. ® S)A(a) = e(a)l.
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Introduction
The Hopf algebra K(G) for a finite group G

The concept of a Hopf algebra generalizes the concept of a
group in the following sense:

Proposition

Let G be a finite group and let A be the algebra K(G) of
complex functions on G. The product in G gives rise to a
comultiplication on A by the formula A(f)(p, q) = f(pQq)
whenever f € A and p,q € G. The pair (A,A) is a
finite-dimensional Hopf algebra.

@ The counit is given by =(f) = f(e) where e is the unit
element in G.

@ The antipode is given by S(f)(p) = f(p~ ") for p € G.

So, the antipode generalizes the concept of the inverse in a
group.
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Introduction
What is the problem?

This example however is very misleading:

@ In the case of the example, the antipode is a
homomorphism.

@ Still, in the case of the example, the antipode is involutive:
S =..
@ If we consider the natural *-algebra structure on K(G),

then the coproduct A as well as the counit ¢ and the
antipode S are *-homomorphisms.

Most of these properties are no longer true in general!
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Introduction
What is the problem?

@ The antipode is a anti-homomorphism ...

@ ... and there are plenty of examples of Hopf algebras
where it is not involutive.

@ When (A, A) is a Hopf *-algebra, by definition we have that
A is a *-homomorphism and by consequence, also the
counit will be a *-homomorphism...

@ ... but, the antipode will satisfy S(a*) = S~'(a)* and so, it
will not be a *-map when S # S~'.
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An example

Example

Let \ be any complex number of modulus 1. Let A be the
*-algebra over the complex numbers generated by two
self-adjoint elements a and b such that a is invertible and
ab = \ba. There is a coproduct A on A, defined by

Ala) = a®a
Ab) = avb+beal,

and making (A, A) into a Hopf *-algebra.

@ The counit is given by ¢(a) = 1 and ¢(b) = 0.
@ The antipode is given by S(a) = a ' and S(b) = —\""b.

We see that in this case S?(b) = A"2b and so S? # 1 if A2 # 1.
Also Sis not a *-map because S(b) is not self-adjoint.
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Discrete quantum groups

Introduction and definition

What is the correct approach to the antipode? We will consider
two cases:

@ discrete quantum groups,
@ locally compact quantum groups.

For each of them, we give and discuss the definition and we
focus further on the antipode.

Definition

A discrete quantum group is a pair (A, A) of a *- algebra A and
a coproduct A. The *-algebra is assumed to be a (algebraic)
direct sum of matrix algebras. Furthermore, it is assumed that
there is a counit and an antipode.
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Discrete quantum groups
The counit and the antipode

@ The algebra A has the form ) , A, where A, = My,)(C).

@ The coproduct is a *-homomorphism A from A to the
multiplier algebra M(A @ A) satisfying coassociativity.

@ The counit is a *-homomorphism ¢ from A to C satifsying
as before

(e®)A(a)=a and (t®@e)A(a) = a.

@ The antipode is a anti-isomorphism from A to A satisfying

m(S® ()A(a) = e(a)l and m(.® S)A(a) =e(a)l.

Question: How to give a meaning to these last equations?
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Discrete quantum groups

More about the concept of the antipode

We assume that
AA T®A)CA®RA and (A®1)AA) C AR A.
@ These are natural assumptions (cf. below).
@ They can easily be used to give a meaning to the antipode
property by simply multiplying with an element b of A. We
then have

Let G be a (discrete) group and A = K(G), the *-algebra of
complex functions on G with finite support. Define

A(f)(p,q) = f(pq) whenever f € A and p,q € G. Then we have
a discrete quantum group.
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Discrete quantum groups
An example: The dual of quantum SUgy(2)

Example

We let A be the direct sum of the algebras A, of n x n complex
matrices where n = 1,2, ....Choose a real number \ such that
0 < A < 1. We can define elements q, e, f in M(A) such that
ge = \eq, qf = \"'fq and

ef —fe=(A-2")(q*~q?)
and a comultiplication A on A by A(q) = q® g and

Ale) = get+exqg!
A(fy = gof+feqg!

making (A, A) into a discrete quantum group.
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Discrete quantum groups

Existence of integrals

For discrete quantum groups, one can prove the existence of
integrals:

Let (A, A) be a discrete quantum group. There exist a central
projection h such that ah = <(a)h for all a. There also exist a
left integral ¢ and a right integral ¢ defined by

(t®@)A(h) =1 and (Y ®i)A(h)=1.

The two integrals are related with a positive invertible element
d € M(A) by the formula

¥(a) = p(ad)

for all a € A.lt is called the modular element.
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Discrete quantum groups

The antipode: properties

What is the role of the antipode here?

@ We have
A(h)(a® 1) = A(h)(1 ® S(a)).

@ This equation implies that the ’legs’ of A(h) are all of A.
@ If we apply ¢ on the second factor, we find

a=(®w)A(h) with w=¢(-S(a)).
@ One can show that, for all a:
S?(a) = 6 zase.

The traces on the components are used to prove some of these

properties.In fact, we have that 7(a) = 99(35%) defines a
distinguished trace on A (and hence on each component).
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Discrete quantum groups

Final remarks

@ If A is finite-dimensional, then § =1, S?> = . and ¢ is a
trace.
@ In general, this need not be the case.

@ In the example above, we have § = g*.

In the first case, we have a finite-dimensional Kac algebra. It
were probably these properties that motivated people in the
seventies, inventing Kac algebras, to assume that in general
also S? = ..

On the other hand, this was known to be false for general Hopf
algebras.
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Locally compact quantum groups

Definition

Recall the definition (in the von Neumann algebraic context):

Definition

Let M be a von Neumann algebra and A a coproduct on M.
The pair (M, A) is called a locally compact quantum group if
there exists a left and a right Haar weight.

@ A coproduct A on M is a normal, unital *-homomorphism
from M to the von Neumann tensor product M @ M
satisfying coassociativity (A @ ()A = (1 ® A)A.

@ A left Haar weight ¢ on (M, A) is a faithful, normal,
semi-finite weight on M that satisfies left invariance:

(L @ p)A(Xx) = ¢(x)1 when x > 0 and ¢(x) < oo.
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Locally compact quantum groups

The antipode - properties

@ The antipode is a densely defined, closed linear map from
its domain D(S) C M to M.

@ The domain is a subalgebra and S is a
anti-homomorphism.

@ Ifx € D(S), then S(x)* € D(S) and S(S(x)*)* = x.

@ Ifx,y € M are such that p(x*x) < oo and p(y*y) < co and
if

z=(oe)(AX)(12y))
then z € D(S) and

S(2)" = (L@ ¥)(A(Y")(1 ® X))
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Locally compact quantum groups

The antipode - the original approach

About the last property:

@ In the case of a locally compact group we have:

(t@p)(A(F(1®9) = [f(p~ q) dq
= [1(q) q

@ In the case of a Hopf algebra we have:

(o) (Ala)(1eb) = (L®s0)( (abe))(S~ (b)) ©1))
= ST (Lo p)((1®a)A(b)

This property was used in earlier definitions (Kac algebras,
Masuda-Nakagami-Woronowicz, ...) as part of the axioms. In
the newer theory (Kustermans-Vaes), it is a result.
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Locally compact quantum groups

The antipode - the new approach

To construct the antipode, one can use the previous formulas.
However, there is also another way, based on the following:

@ In the case of a locally compact group:

flp) = flpg-q7")
flp") = f(g- (pq)™")

@ In the case of a Hopf algebra:

a1l = > A(am)(1 @ S(ap))
S(@ o1 = > A(S (a(z )N © a))

Advantage: No reference to the Haar weights in the definition.

> ui(pg)vi(q)
> vi(pq)ui(q)

~
~
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Locally compact quantum groups

The antipode - the (new) definition

This takes us to the following definition:

Definition

Let (M, A) be a locally compact quantum group. When x € M,
we say that x € D(S) if there exists y € M so that we can
approximate:

X® 1
ye1

1

Then we define S(x)* = y.

We need to show that S is a well-defined, densely defined
closed linear map.
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Locally compact quantum groups

The antipode - further development

@ The right Haar weight is used to show that S is
well-defined.

@ The left Haar weight is used to show that S is densely
defined.

@ [t is immediate from the definition that S is a closed linear
map.

@ Ifx € D(S), then S(x)* € D(S) and S(S(x)*)* = x.

@ The domain is a subalgebra and S is a
anti-homomorphism.
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Locally compact quantum groups

The antipode - more details

The main idea behind this approach to the antipode goes as
follows.
@ Consider the left ideal NV, of elements x € M satisfying
PY(X*X) < o0.
@ Take the G.N.S. construction for 1. Denote the Hilbert
space with H,, and use A, for the canonical map from N,
to Hy. Let M act directly on H,.
@ Construct the right regular representation V on H,, ® Hy
defined by

V(A (x) @ Ay (y)) = (Ap @ Ay )(A)((1 @ y))-
@ Use this map to define the operator G : A, (x) — Ay (S(x)*)
in a similar way as is done for x — S(x)*.
@ The operator G implements the map x — S(x)* essentially
because S(xy)* = S(x)*S(y)*.
@ ... etc. ...
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Locally compact quantum groups

Further steps

In this approach to the theory of locally compact quantum
groups, the further development is based very much on this
definition of the antipode:
@ The uniqueness of the left and right Haar weights is
obtained in an early stage.
@ The polar decomposition of the Hilbert space operator G is
used to get the polar decomposition S = R+ _; of the
2
antipode S on M.

@ All sorts of equations are quickly found, e.g.
Aor(x)) = (1t ®@a)A(x

t )
Alo(x)) = (o1 ®@7-1)A(X)
Aln(x)) = (mem)AKx) = (o0 )AX)



Conclusion

Conclusion and final remarks

We finish with a few important remarks:

@ It is well-known that there are two versions of locally
compact quantum groups: A C*-algebraic one and a von
Neumann algebraic version. They are completely
equivalent.

@ It is possible to pass from the concept of a locally compact
quantum group in the C*-algebraic framework to the one in
the von Neumann algebraic setting in an early stage of the
development.

@ And itis much easier to develop the theory further in this
von Neumann algebra framework.
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Conclusion and final remarks

@ By defining the antipode independently from the Haar
weights, it is possible to obtain the uniqueness of the Haar
weights rather quickly.

@ The construction of the dual locally compact quantum
group is more or less standard.

@ An important technical tool is the Tomita-Takesaki theory.

o
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