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Abstract: Let H be a Hilbert space, L(H) the algebra of bounded linear operators on H and Q the subset
of L(H) of all projections (i.e. idempotents). Given a closed subspace K of H, Q K denotes the subset of
Q of all projections with image K. Let PK ∈QK denote the unique Hermitian projection with image K.
The following properties are well known:

(I) For all 0 6= Q ∈ Q it holds ‖Q‖ = 1 if and only if Q∗ = Q;

(II) For every non trivial Q ∈ Q it holds ‖Q‖ = ‖I −Q‖;

(III) Given closed subspaces K and L of H it holds ‖PK−PL‖ ≤ ‖QK−QL‖ for every QK ∈ QK and QL ∈
QL;

(IV) For all closed subspaces K and L of H it holds ‖PK − PL‖ ≤ 1. Equality holds if and only if PK and
PL commute;

(V) For all closed subspaces K and L of H it holds ‖PK − PL‖ = max { ‖PK(I − PL)‖, ‖PL(I − PK)‖ };

(VI) For every Q ∈Q it holds ‖Q‖ =
1

sin θ
if θ ∈ [0, π/2] is the angle such that cos θ = sup{| < ξ, η > | : ξ ∈

R(Q), η ∈ N(Q) and ‖ξ‖ = ‖η‖ = 1}.

The main goal of this talk is to study these properties if we consider an additional seminorm ‖ . ‖A,
defined by a positive semidefinite operator A ∈ L(H) by ‖ξ‖2A =< Aξ, ξ >, ξ ∈ H, and we replace the
operator norm in formulas (I) to (VI) by the quantity

‖T‖A = sup{‖Tξ‖A : ‖ξ‖A = 1}.
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